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The present paper investigates polynomials for which the inverse inequality for
moduli of smoothness holds. The technique for approach is different from the
previous works for splines and is elegantly organized.  © 2001 Elsevier Science
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Let f(x) be a continuous function on the interval [a, b] which has
m continuous derivatives, in symbol, feC[, ,; (Cpp = C([’a’ »), and
@i (f, ). 5; be the modulus of smoothness of order k of feCp,,, as
usual. We will write w( f, ?) = w(f, ), for convenience if there is no
confusion.

It is well known that o, (f,t) < t*w,_(f©, 1) for m>k if feC],,,
where @o(f, 1) = [|flla 5) 1= max, ., |/ (X)].

The inverse result of the above inequality does not hold in general.
However, for some functions f € Cy, ;;, one has

t‘w, (f©, 1) < Caw,(f, 1) (D
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for m = k, where C > 0 is some constant independent of ¢ for small z. This
kind of works began from a result of Yu and Zhou [5], and was inves-
tigated by Hu [2] and Hu and Yu [3]. As a whole, all these results indi-
cate that for splines with arbitrary (fixed) knots, the inequality (1) holds in
general L” spaces for small 7.

The present paper will investigate polynomials for which the inequality
(1) holds.

As we know (see Stechkin [4]), for trigonometric polynomials of degree
n (we denote all trigonometric polynomials of degree n by T,,), the following
inequality holds:

THEOREM 1. Let feT,, m>=1,n=1. Then for any he [0, n/n] we have

n m
1 o2 <\ 35 ) 1450 o2
2 sin nh

where A} f(x) is the mth difference of f(x) with step h.
From Theorem 1, we can easily deduce the following

THEOREM 1'. Let feT, m>=1, n=1. Then for any 0<t<mn/n and
k < m we have

tkwmfk(f(k)’ t) < C(m) wm(fs t)5
where C(m) is a positive constant only depending upon m.

We are going to establish an analogue for algebraic polynomials. It is
clear that this as well as the following Theorem 2’ is not a direct conse-
quence from Theorem 1 just by a simple variable change x = cos @ since the
general differences or moduli of smoothness are related to.

Let I1, be the class of all algebraic polynomials of degree n.

THEOREM 2. Let fell,,,, m>=1, n=1. Then there is a constant

M,, > 0 only depending upon m such that for any h e [0, M,,n"*] we have

h™ ||f(m)||[—1,1] < C(m) ”Ahmf”[—l, 1—mh]-

Let 7, (x) = cos(n arc cos x) be the Chebyshev polynomial of degree n,
and &, = cos(kn/n), k=0, 1, ..., n, its extremum points.

Lemma 3. Let fell,, f(xo)=|fll-1,17, %o € [)+15 &)y 1 for some j, €
{0,1,...,n—1}. Then
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||f||[—1,1] a,T,(x),
xozéj or xozéjm—l, X € [éj0+1’ éjo]a
AN = 1,1 0'27_:,()6),
feo={ @)

otherwise and x,>20, xe[s;,,5,],

”f”[—l, 1] Usfl(x),

. ’ ’
otherwise and x, <0, x€[s) 1,51

where g, = sgn I;,(fjo)fo” Xo = fjo, or g; =sgn T;t(éjo+1)f0r Xo = éj0+1’

— 1+¢&,
T,(x) =T, (2), t=rxj(‘;(x—xo)+€,-o, o, =sgnT,(¢;),
14+ x,
=_ "9 —&. )+ x,, k=0,1,...,n,
Si 1+fj0 & fm) Xo n
and
o _ _ l_éj0+l _
T,(x) =T,(v), u_?(x_xo)"i_éj(ﬁ-l: g3 =8gn T;:(éjo+1):
0
’ l_xﬂ
Sk = (e —E&jpr1) +x0, k=0,1,..., n.
1_§j0+1

Proof. We only need to prove Lemma 3 for n>2. When x,=
&1 =—1 or xo =¢; =1, the argument is similar, we only deal with the
second case x, = £;, = 1. Set

Y (x) = f(X) = 1fllg-1,17 T (%),

and assume (2) fails. Then there is an x, € (£, 1) such that i,(x;) <0. One
should note that ,(&;) >0 and ¥,(1) =0 under this situation, hence
x; # &, and x; # 1. We see that (—1)**!'sgny,(£,)>0,k=1, 2, ..., n, and
Y, (x,) <0, so that y,(x) has n zeros between [ — 1, x, ], and one more zero
at & = 1. This contradicts the fact that any polynomial of degree » has at
most # zeros.

When x, =¢; . or xo =¢; but x, # +1, the similar argument can be
applied to find » zeros of

Y, (x) =f(x)_||f||[—1,1] o,T,(x)
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in [ —1, 1], and one more zero at x, (the multiplicity is calculated) since x,
is a local extremum point of both f(x) and T,(x) (thus ¥, (x,) =0). This
also leads to a contradiction.

Now assume x, € (;,,1,¢;,), and without loss of generality, assume
X, = 0. Set

1+¢&,
t=rxjo(x_x0)+éjo
forxe[—1,1], and
1+ x,
ST G xe k=0l

By noting x, < ¢, we have for k=0, 1, ..., n,

—1<85< llig]‘: (A=) +x <1
Let
T,(x) = T,(2).
Then

T;l(xo) = I:;('fjo) =0, "T;:”[—l, 1]

for o, =sgnT,(¢;). Suppose the inequality (2) fails. One has a point
x, € [5,41, ;, ] such that

fx) < ”f”[—l, 1] O-ZT;:(xl)a 3

where, in particular, s, = x,. One must note here that when x =s;, =&,
So

sgn T, (s,) = (=1~ “)
Write
$,(x) = f(X) =, T,(x) | fll -1, 13- %)

One also must note that x, #s; and x, #s, ., since ¢,(s;,;) =0 and
$,(s;,) = ¢,(xo) = 0 hold. We check that, due to (4) and (5),

(_1)k+1 ) sgn¢n(sk)>05 k=0, 1,”-’ n,
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and in particular,

Pu(X0) = $,(5;,) =0, sgn @, (s5,41) >0.

In case £;, = 1, with the same argument as the proof of the case x =¢&; =1
(by using ¢,(x) instead of ¥,(x)) we can achieve the required result. Now
assume &; < 1, we see ¢,,(x,) = 0 since x, is a local extremum point of both
f(x) and T,(x) (this happens because ¢, cannot be 1, and cannot be —1
due to x>0 and »n > 2). Furthermore ¢,(x;) <0 by (3). Therefore ¢,(x)
has n—j,—1 zeros in [s,,s; ], has j,—1 zeros in [s; _,,s,], and has
one zero in [s; ., x; ]. Furthermore, we see that ¢,(x) has two zeros at x,
(the multiplicity is calculated). All together, ¢,(x) has n+1 zeros in
[s., So] =[—1, 1], that is impossible since ¢,(x) is a polynomial of degree
n. This contradiction proves the conclusion we require. ||

Proof of Theorem 2. We first prove the case m=1. Assume f'(x,) =
lf'l;-1, 17, the other case f'(x,)=—|f"ll;_1,1; can be treated similarly.
Without loss of generality, with all the notations of Lemma 3, we also
assume x, € [ 1, &, 1, %0 # &, X0 # &, 41, and x, > 0. For other cases
mentioned in Lemma 3, we have similar arguments. By Lemma 3, for all
X € [sj0+19 sjo]a

') 2N 1,1y 0T (x)

for o =sgn T, (&;)). Note that £ =((1+&;,)/(1+x0))(x—xp)+&;,, let yy =

xO =Sj0,

_14x <COS Go+2/3)m

y1_1+é] éj0>+x09

we see 0 < y, < y,, and

T(y)=T,(&),  T,(»)=T,(cos((jo+2/3) n/n)).

Forany 0 <h < y,—y,

£ Ga=h =l =[! =1 d

o h
> M [ B0 == 171 5,
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orforany 0 <h < y,—yi,

2
L ll=1, 19 SE||f(x+t)—f(x)||[,1,1,h]- (6)
It is not difficult to calculate that

>Mn7?

1 j jo+2/3
yo_yl >_<COSJO_7Z_008M>
2 n n

where M > 0 is an absolute constant. Thus for any 0 < 2 < Mn~2, (6) holds.
When m > 1 and 0 <2 < M, n~2, we can reach that

"Ahm+1f(x)”[—1, 1—(m+1)h] = ||A,,’"(f(x+h)—f(x))||[,1, 1—(m+1) k]
> C(m)h™ ”f(m)(x"‘h)_f(m)(x)”[fl, 1—h]
> C(m) B! ||f(m+1)||[—1, 1]

by induction, where M,, >0 is a constant only depending upon m. Up to
this stage, we have finished the proof. ||

Remark. Ditzian et al. [1] give a similar inequality on algebraic poly-

nomials in terms of ¢(x) = ﬂ :
h™ ||(Pmszm)||[71, 1S C(m) ||Ahm¢Pn||[71,1]
holds for 0 < 4 < Cr~'. One can deduce Bernstein type inequality
[P ()| < C(m) n"p~"(x) |P,lli-1,13
directly from their result. We note that a direct corollary from our present
result is Markov inequality (except for a constant). Those two inequalities

form complete inverse inequalities for the mth difference of an algebraic
polynomial and its mth derivative in uniform norm.

From Theorem 2, we can immediately deduce that

THEOREM 2'. Let fell,,,, m>1, n>1. Then for any t € [0,n*] we
have

tkwm—k(f(k)’ t) < C(m) COm(f’ t)'
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